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We develop a quantum theoretical formalism to derive the 
brane gravity from its origin — brane-generating dynamics 
in higher dimensions. Based on it, we discuss characteris- 
tic properties of the brane induced gravity, as well as brane 
induced field theory. 

The idea of the induced gravity was proposed by 
Sakharov in 1967, where the Einstein gravity is iden- 
tified with the quantum fluctuations of metric elastic- 
ity of space The fleld theoretical formulations of 
the induced gravity were developed about a decade later 
iPli^ HMl ; inspired by the progresses in the unified the- 
ory with induced (composite) gauge fields and by 
those in the loop diagram calculations |^ in the quan- 
tum gravity. The spacetime metric or vielbein is a quan- 
tum composite object which is absent in the microscopic 
description [Q. The fundamental action for the scalar- 
induced gravity is nothing but the Nambu-Goto action 
1^ of the brane, if we identify the fundamental scalar 
fields with the space-time coordinates. This fact nat- 
urally leads us to the idea that we live on a dynami- 
cally generated braneworld with induced gravity . 
Besides the gravitational field, the extrinsic curvature 
and the normal-connection gauge field become dynam- 
ical p^ ]. In this view the Einstein gravity on the brane 
is induced also from the extrinsic curvature effects via 
the Gauss-Codazzi-Ricci equation |]r^ , |l^ . Recently, the 
brane induced gravity attracted revived attentions with 
interesting developments and some disputes ||l5|. In its 
derivation, however, the quantum nature of the system 
has so far been obscure, in spite of its essential reliance 
on the quantum fluctuation effects. In the present work, 
we would like to develop a fully quantum theoretical for- 
malism to derive the Einstein-like gravity on the brane 
from the origin of brane-generating dynamics in higher 
dimensions. 

Consider a set of flelds {<&} (in general, including 
higher spin and spinor fields) in p + q+ 1-space-time with 
the action 



S = J £({$}, {dK^})dp+,+iX, 



(1) 



which is invariant under translation, Lorentz transforma- 
tion, and internal symmetry G with degenerate potential 
minima. Let us assume that the equation of motion from 
(|l|) has a static soliton solution $ = <I>soi(^-) localized 
around the p-brane Xa = |16l , such that 



sol 



0(e 



for r 



oo, 



(2) 



where 5 is a constant, and <I>™'^ is a singular function 
which takes the values of the degenerate potential minima 
except at the singularity at X- — 0. This is interpreted 
as a flat p-brane localized around X— = 0. For example, 
the kink solution of the scalar fleld in the double- well po- 
tential, the Nielsen-Olessen vortex in U(l) gauge-Higgs 
model, and the Skyrmion with non-vanishing pseudo- 
scalar mass are known to have these properties. Learning 
from the existing examples, we assume that the solution 
have "spherical symmetry" of the type 



V7^ G 0(g), 3g e G, U{TZ)V{g)^soi = 



sol 



(3) 



where U{TZ) and V{g) are representation matrices of the 
rotation group 0{q) and the internal symmetry group G, 
respectively. 

The quantum dynamics of the system is described by 
the generating functional of the Green functions: 



W{J) = J d<^exp[iS + iJ 



* a 



(4) 



where J is a function of X^ , is a function of $, 

the asterisk "*" indicates convolution, and the path- 
integration measure is normalized by 1^(0) = 1. We 
consider the sector of configurations connected with <I>soi 
without high energy barriers. The configurations of <I>soi 
and its small fluctuations would give dominant contribu- 
tions to the path integral. Among the fluctuations, the 
translation zero modes give rise to shifts of the brane po- 
sition. The shifts can, in general, depends on X"-, which 
means that the brane becomes curved. We should also 
take into account the globally large fluctuations as far as 
the local curvature is small, since they could have compa- 
rable contributions. We denote the position of the brane 
by y{x^) with p+1 parameters x^. We deflne the frame of 
orthonormal tangent vectors nk{x^), and normal vectors 
nk{x'^) at each point on the brane. Then the derivatives 
y ^ and rij ^ are expanded in terms of nj [p^ : 



(5) 



where e^^ is the vielbein on the brane, and tf^^ is the 
connection coefficient. Among them, uj\^ is the tangen- 

k . . . k 

tial connection, uj~ni/ is the extrinsic curvature, and uj^ 



is the normal connection of the brane. 

Then we introduce the curvilinear coordinate x*^ 
(xf^^x^) by 

X = y{x'') + x^^ixn 



(6) 
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The coordinate should be defined otherwise appropri- 
ately in the far apart regions where the x— coordinates 
by intersect each other. We define the field (j) in the 
curvilinear coordinate and the orthonormal frame nj 
by 



^X^) = UiL)V{g)(l>{x^'), 



(7) 



where L eO(p + q,l) is defined by Lj^ = {n^)i, and 
g G G is the element which exists by (||) with Lf' — TZf'- 
The derivative of <i> is transformed as follows |l2j 

^ U{L)V{g)n'^DK(t){x^^) (8) 

with Dk — dk and 



(9) 



where K/} = rif} — xhj-f}, and cr^'^ and A— are the repre- 
sentation matrices of the group generators of 0(p + g, 1) 
and G, respectively. Then the action is rewritten as 



S = J edetKk^L{{(l}},{Djf(t)})Udx''Udx!^ 



(10) 



with e = det e^. 

By (§) and (@), </) = $soi(a;-) satisfies the equation 
of motion except in the far-apart singular region of (|^). 
The errors caused by them are exponentially suppressed 
for small brane-curvatures. We neglect the errors, and 
expand in terms of the complete set {'y9n(a;-)}n=o,i,2, -- 
of the fluctuations of the soliton <i>soi: 



$sol(x-) + 2_^^n{x^')ipn{x-), 



(11) 



where S.nix'^) is the appropriate coefficient depending on 
x^. We change the path-integration variable in W{J) in 
(|) from to ^„(x^). Since (|l]) is hnear in them, 

the Jacobian is a numerical constant which is absorbed 
by path-integral measure normalization. 

The complete set {ipnix—)} include the zero modes 

'fTro(^~) ^^'^ ¥'lzo(^~) associated with the translation 
and the Lorentz invariance, respectively, which are bro- 
ken by the brane. They cause shifts in the brane posi- 
tion y^{x^) and orthonormal frame n^{x^), and cause 
double counting of the field configurations. We choose 
and n^{x^) so that the coefficients Cj'^''(a;'^) of 

tp^^Q^x-) and those ^kl^ix^) of ^^gix-) vanish. These 
choice prescriptions work well for the configurations with 
large contributions, i.e. for those with small brane curva- 
tures. 

Then we insert into the path-integral in 



= J dyS{y - y^)dnjS{nj - ng,j) (12) 
J dekf,5{ekf, - nky^f,)dujjjf,S{ujjj^ - rijUj^^) (13) 
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where integrations and delta functions are product over 
x^ and over independent tensorial components. We iden- 
tify y and n/ with the wrongly chosen brane position and 
orthonormal frame, respectively, in the above-prescribed 
choice of and n^j . Then the above choice prescription 
leads to 

%-y$) = ^(eD'5(0)^+i (14) 

6{ni - n^j) = (5(^|f")(5(0)P(P+i)/2+9(«-i)/2^ (15) 
We regularize the infinities of (5(0) by the definition 



5{z) — Vm\ 5^{z), 5e{z) 



(16) 



where the limit is taken at the final stage of calculation 
(though e is not explicitly shown hereafter). Note that 
the Lorentz invariance is restored in the limit. 

Now we prove the general path-integral formula for 
functions ,f{x^) and v^{x^) 



dfS [Vf, - f^f,)= C(5(w[^,^]) 



(17) 



where c is an overall constant factor |T^. We discretize 
the x'^-space into iVo x iVi x • ■ • x Np lattice with the 
lattice constant h by 



C — {x — kgho + kihi 
\k„ = 1,2,- 



hphp 



,iV^(M = 0,l,---,p)} (18) 



where the hat indicates a, p + 1-dimensional vector, and 
X and hf^ are defined by (x)^ = x^ , and {h^Y — ^5'^^. 
Then, the left-hand side of the ( [l7| ) is the /i — > limit of 

f{x) - fix ~ h^) ' 



n 



df{x) W 5 v^{x) 

M=0 \ 



(19) 



We rewrite the delta function with /i = in ( |T9| ) as 

h5(hvo{x)- f{x) + f{x-ho)y (20) 
and rewrite those with ^ — l,2,---,pas 



5 [v^{x) - Vf^{x - ho) - vq{x) + vq{x - hf_,) 



(21) 



using the expressions for v^{x — hQ), vq{x) and Vi){x — h^) 
from their respective delta functions. To restore symme- 
try under permutations of in (pT|), we multiply them 
by the factors 



2 



(22) 



with < < V < p. Owing to (^Ij) , the expression ( |22| ) is 
equal to an infinite constant i5(0). Since there are no delta 
functions at the boundary x'^ = 0, we need to impose 
appropriate boundary conditions for the functions. Using 
(|^-(||), we rewrite (^ as 



n 

xec 



df{x)5 (hv^{x) - fix) + fix - ha) 



Vf^ix) - v^{x - hy) Vy{x) - Vy{x - h^) 



h 



+ l)/2-l 



5{Q) 



p(p-l)/2 



(23) 



We perform path-integration with respect to /, and take 
the limit /i — > 0, which gives the right-hand side of (|lT 
with c = /iP(p+i)/2-i5(0)P(p-i)/2. ^.e.d. 

We apply (|l|) to ingredients of (||) and (|l|): 



(24) 



C2'^K,7[^,^] + ^KI[t.^% ) (25) 



where ci and C2 are constants. In deriving ( p4| ) and (25), 
we have used the fact that det [(n/)j] ~ 1. The expres- 
sion ( p4|) imposes the usual relation between w^j^ and 



(26) 



while that in (g5|) imposes the Gauss-Codazzi-Ricci equa- 
tion on L^jjfj^- Collecting the results, we obtain 

W{J) = J dek^,duj^fj^duJijf_,nnd(,n 

-^l^/jl,,.] +^K/[M^^j.])e^^+^"*'^^*\ (27) 

where n„d^„ does not include the zero modes, and tOij^^ 
are taken as expressed in terms of Cfc^ by (p6|). 

Now we expand S in ( p^ ) in terms of (pn{x-) in (11). 
Among (pn{x-), those below energy threshold are local- 
ized around the brane. We call the part of S with only 
the localized modes as 6*100, and the rest as 5buik. We 
perform the x— integration in 5*100, which gives the brane 
action Shr- The action Shi is a functional of the viel- 
bein e^, the extrinsic curvature uJk^iv, the coefficients 
of the localized modes, and their covariant derivatives 
V^S}"^ with respect to the gauge group 0{p, 1) x 0{q), 
which are written in terms of the connection ( |26| ) and the 
normal-connection gauge field ujki^. 

Then we expand Shr in terms of Wfc^iy, ujUfj., S.n'^, and 
dfi£}°'^. The coefficient of each term is calculable if the 
model is specified (See e.g. iH). We expect that the 



lower order terms are important at low energies. Since ^„ 
are the small fluctuations of the solution $soi, the terms 
with single ^„ are absent in S^i- The lowest order terms 
are those bilinear in them, giving the mass and kinetic 
terms of The higher terms including give their 
interaction terms. Thus the field theory of is induced 
on the brane. 

The normal connection gauge field LUkip, appear only 
through the covariant derivative V^^S}"'^, and has no mass 
and kinetic terms. The extrinsic curvature Ukfiu appear 
in the overall factor det K/j, and twice in the in Dk in(|^). 
Terms solely with LUkni/ come from 



J e det iffe'L({$,oi}, {9fc$soi})ndx'^ndx^, 



detX,' = l-xH; 



k I / U v 1/ M\i 

--X-X-(uj^U:i_y -UJt^Ui/) + ' 



(28) 



(29) 



If we assume the parity invariance of the Lagrangian L, 
det Kf^ in (psh reduces to 



det = 1 



1 



k / all' u I- . 

XkX-iOJyfUJ-y - UJy^ UJ-^ ) + 



(30) 



The second term of ( ^Q| ) give rise to the mass term of 
but no kinetic term exists. The vielbein ekfi ap- 
pear in the overall factor e, in the connection ( p6| ) in the 
covariant derivative and various places to make 

each term reparametrization invariant. It solely appear 
only in the term proportional to e in (^8|) (which is the 
cosmological term), and no kinetic term of e^.^ exists ap- 
parently. 

The Gauss equation from (p5|), however, converts the 
^kp,i/ mass term in ( p8| ) into the Einstein-Hilbert action, 
and efe^ becomes dynamical. Furthermore, the quan- 
tum fluctuations of give rise to the kinetic terms 
of ek^, uJk^iv, and ojfc;^, making them dynamical, as has 
been extensively studied ||l|,||,|y . Naively they are 
divergent in the ultraviolet region, and usually some 
cutoff is assumed. Such a cutoff is rather natural in 
the braneworld, since the brane descriptions themselves 
would no longer be appropriate at very high energies, or 
very short distances compared with characteristic scales 
of the brane width and depth. Phenomenologically, the 
cutoff should be of the order of the Planck scale. Be- 
cause of the large cutoff scale, the Einstein-Hilbert ac- 
tion dominates over the other kinetic terms of ej,^ (e.g. 

terms) at low energies. The same effects also induce a 
cosmological term with the large scale, and, phenomeno- 
logically, should be fine-tuned so that it cancels that in 
(p8|). The extrinsic curvature ojkfn, acquires masses of 
the order of the Planck scale, since no symmetry pro- 
tect them. The gauge field LOupi would acquire mass if 
some of the violate 0{q) symmetry. The gravity is 
Einstein- like, but a difference is that Cfe^j, LOkp.v, and 
also obey the Gauss-Codazzi-Ricci equation. Quantum 



3 



fluctuations due to the bulk action S'buik could also have 
some contributions to the kinetic terms of Cfc^, uJk^v, and 
^kiji- It would, however, be a difficult task to estimate 
them. 

In conclusion, Einstein-like gravity with matter fields 
is induced on the dynamically generated braneworld. For 
example, for two matter sources on the brane, it au- 
tomatically leads to the usual gravitational interaction 
with spin-2 graviton exchange. All the features of the 
Einstein gravity are reproduced at low energies on the 
brane. The effective theory is derived from its origin 
in a fully quantum theoretical manner. We expect that 
such origin-based studies would provide comprehensive 
answers to the disputes on the braneworlds. It would be 
desired to apply the formalism to various models of soli- 
tons, and to seek for the realistic models of fundamental 
fields as well as realistic cosmology. 
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